
Moduli Reading Group Week 11: 22nd Oct 26-

Construction of the Projective GIT Quotient. -

- Pijush

· Motivation :

-

Recals Affine GIT Quotient :

G ma Reductive grp .

Acting on an affine scheme X

0(x)6- f-g. (Nagata).

Affine GIT Quotient is themorphism 4 : x- > /Spec O(x)"

coming from the wing morphiams((X> O(X)-

- Today we will do this fro projective schemes XCIPW

- Establish analogous properties.

Setup : Gu>.affirs al group. X m> projective scheme.

Defi 5'1 : A linear G-equivariant projective embedding of X
isa :

(i) Group homomorphism G -> GLnM

(ii) G-equivariant proj embedding XXIP



~ reductive.

· Suppose we have a linear G-action on XXIP"
,
with

- I(X) mc honog ideal of X

i .e. He affine come one X is : = Spec ((X) : =bis)

- R(X) :=RCXr w > Graded K-alg

- Graction on XXIP" is liner => R(x)6=AR(X)
-

Nagata => R(X)6 is f -

8.

-

Any inclusion of graded fig h-alg gives a rational

map from corresponding proj schemes. These we gest

* := Proj (R (x))-------> Proj (R(x)) .

- R(X): R(X)? is a horug ideal

It determines the closed subscheme where the rational

mup is not defined.

# What is the domain of X < Proj R(x)6 ?

As we just saw

Domain = X - closed subscheme determined by R(x2*
= X- N

-> called the mull cone of X

Define x
33

:= X - N

This is called the seristable set
,
and it is the domain

of the rational
map X----> Prij (M(x)6) .



· The morphism X
*
-> Proj R(x)" := X/G is called

GIT quotient of the linear Graction on XXIP?

Recall Affine GIT Quoticut : The map 4 : X -> X/6 was

defined on all of X and it turned out to be

a good quotient-

In projective GIT Quot, we have :

Theorem 5:3 : Suppose G-reductive with a linear G-action

on XCIP" . Then the GIT quotient 4 : X -> XXG is

a good quotient of the Graction on X

Also
, X/6 is a projective scheme

.

Proof idea: First part : gluing,
- We know being a good quotient is local on target.
- Denote Y : = Proj R(X)6 . Then [DP (f) : FERCXE] cover

Y.

- For each fER(X)?, consides Yf and XF : = 3 (YF)-

- Then 48 : Xf ->Y is an affine GIT quotient.

Indeed
, OCYF) = O(XF)

so the inclusion

OCYF)" -> O(XF) induce

* = Spec (U(XF) -) Spec (OLXF)) = Spec (O) = Yf .

- Thus
, If : Xf

->Y is a good quotient.

andart : This and exercise in Hartshrone. #



· By virtue of 4 :X -> X/ being a good quotient , the

following hold :

is ((M) = <(2) E Om 1 G21 x = &
ii) FyEX/ . 4"ly) contains a unique closed orbit

.

. . Action closed => grometoic quotient.

· It is the presence of non-closed orbits in XSS that

prevents 4 : X ->X from being a geometric quotient .

Analogously to affine GIT-Quot , we ask :

& Is there an open set in X* where I is geometric ?

Deft 5
: 4 : A poin nzX is

(i) Stable if Gr = 0 and 7 G-inv homog poly f5 R(x)?
such that Rexf and the action of 6 m Xf is closed-

ii) Unstable if not semirstable
,
i . e., not in XS .

(ii) X := X-N = set of semi-stable pts ) Open
*: set of stable points
XYS := X-XSS = N set of unstable points

- closed,

· Theorem 5%: For the GIT quotient 3 : x -> Y = X/G ,
there is

an open subscheme YSSY such that

(i) 4 (Y) = XS

(ii) the restriction 41X ->Y is geametric quotient.



Proofideastruction of
-

Y : UYf where the union is once all FER(X)+
st. Gastion on Xf is closed.

-

f Xj = UXf ,
then X

>

= 4"(Y) .

- Construct 3 : X
,

-> Y
, by gluing 4f : Xf -> Yf.

- Each 4f grom quot => 9 : x
,
-Y

,
is geom quot-

- Define YS := Y(X)). By construction XS
.CX and thus

, Y'CY

giving 4 : X- >Y geometric.

- Ys is open: Indeed
,
YSCY CY. So suffices to prove

Y is open
in Y

.

Open

·YlYS = 9(XX) .

~ X
,
/XS closed and by property of good

quotients ,
so is 4 (x,X) .



Example 58 : Linear action of G = Dm : = SpeckStit) on x = IM

by t. [Ro : ---
: Mn] = [tes : tas : --- : tan] -

- RIx)=uoias-Reno,
---

,
~ gradeda

homog degree

corresponding to 1pm
= 0

I(X) = If Groung / f)[Mo :...: 2nd) = 0 F REPW]

- Functions Roll...., Moth are 6-inv :

Indeed
,
take f ([R0 : --- : Mn) = Ko2 :

The t - f ((20 : --- :m)) = f)E92 ;...: cn]]
= fSt 22 : -..: Fien)

-
- + not zei

= 2202

= t .

- claim : R) x )6 := ring of invariants = k[roe- , Roven].

Suppose FFR(X)8 ,
write

un

f= am ---M
un-

Then tf = f =>
Mo-M,-

- --- MnMo

...=
M

o use

& am t ↳ am --- se

&
-

-

=> f M = (mo ,
---

,Mn) : either 9m = O

or +Mo-M ,
- - --- Mn

= 1

i. e. Mo = M
,
+---W



=>mo
me... enMu = (ok)" --- Rosen m

Thus
, FERTROT , - , Molen] andhence

R(x)
6

= k/NoR,- > Rokn] E KT40s- , Yn-1]

- This gives X/6 * Proj R(X)" = Proj R [40 -
- > Ye-1] = 1P4 %

- What is the GIT quotient ?

Y : x = 1PM -----> /6 = 1Ph-1

[10 : ---
: M] 1 -> [TOR:....: Nottn]

-

Cleasly ,
null-come

,

N = [10 : --- : Rn] EIP" (40 =

0----s = 8
=> V (Rod ,

---- ,Mor].

X
35

= X - N

= IP4 - (IProce ,
U--- U Paren)

= First move to the chart 20F 0 3 =A
and then

(2 ,
--- > 2) F O 3 Of AM

= Alh-0 .

- Good quotient map 4 : X *EAl"- 0 -> Ph-1

x" = P"19(10 : - :xn]/DoF, ren) + 10-,
033



They XS = A4-903 is given by
[20 : - : Un]->( , Mn)

So Y : x -> 1PM is (20 : - : un]>[ : -:
]
.

- Preimage of : - : ] = Pre-image of [th : - : t no]
+ O

=> Previmage of [ : - : teno]

= [t"Ko : tr : - : ten]

=St . (20 : M : - :m) It + 0 3

single orbit.
. Therefore Geem quot.

- Orbits in XSEA-50) are S4- .1 ,a) ItfO3

= [(dM- , dan) JFO3
=> (line through 12 (s <2-305)
= closed in XS = Ah-503

Stabilizes = [EEK ( (tr->rn) = Co-M)3

= StEl3 => 11 -> 0-dim
.

o
" X = XS

.



-

In the example above : we determined stable and semi-stable

points by using information of R(x)6.

Because X3 = X - N

* determined by R(x) *

However determining R(X) ? is hard. So this motivates

other criteria of determining (milstability-

(i) x is semistable
Lemma 5 %

9 127x(K) stable E>jii) Gre is closed in XP

(ii) dim Gr = O

Def 5 %2 : 2EX(K) is polystable if () and (ii) hold

from prew thm.



PrenSheet 8merie

9 : Let Om = SpeckSt ,
+] act on IP" linearly by the represent"

+ -> diag (t ,
t

,
+1

,

+) .

· Calculate R (IP3)Om fro this action.

· Determine XSS and XS.

· Describe 4 : X" -> X/G.

As : Action : to [20 : 1: 2 : 13] = [teo : tre: tlz : tes]

Let fe RSIP3)
Om

.
Then f = [am2"-M3 and t . f = f

gives

=Am
MztMs-Mo-M
,mom,mans = am 2 sa

-

=> + M = (mo, - , M3)
,

either am = 0

O m = Mat My - my
O

·
· F = [amtheu e is

=Siam() Ms (RoRz)
M2 (otes)

YI Y3

Since ,
Moses

, nors are Du-inv .
we see that

R(IP3)
Om

= R[ , YoKz , NOMs] E RTYY214s]

· X/3 = Proj (R(IP2) (m) = IP ?



· XSS = IP 3 - N

N = VJ ,
2022

,
Holls (

=S [Mois : uni ves]) = 0
, Rod2 = 0

, Roses :Y

= & M = 0=
2 = 13 3

· Therefore ,
X
*

= [[K : :Re : Ks] R
, F0 or2 t0 or RFO].

EIP3

· If IE X
,
Then Gx = & tEK

*
such that

"[No : 4 ,: 12 : 43] t - [20 : 2:22 :13] = [20 : 1: 22 :23)3

=> (to : tes : +2 : tes] = [20 : 24 : 2:]

=> [te : treg : Ex : 23) = [70 : 4 : 12 : 23]

=> t I /

=> G is finite and hence O-dim
2

· Again ,
Orbit of M = 6 . 2 = & (tro : Er : Enz: Ens]/tek*>






