
Moduli Space Reading Group

Week E : Review

Def 2 : 8 : Naius Moduli Problem !

CollectionAt of objects and an equivalence relation ~on A.

Examples :

A = k-dim(i) subspaces of an n-dim vect space
~= "

=
"

Lii) A = Collection of vector bundles on a fixed scheme X.

~ = icomaphism of vector bundles.

Motivation : We want to clarify objects not just upto
equivalence/isum ,

but we want them to behave in families.

Definition 2:0 : Extended Moduli Problem-

Given a naive moduli problem (A , ~) ,
an extended moduli

problem is given by :

(a)
V scheme S

,

a collection As of "families over S, and

an eq relation Us on As

C) for F : T-S in Sch
,

a pullback f : As ->A
+

This data must satisfy :

(i) (Aspeck , "Speak) = (As ,
vs) -

id= id(ii)
(iii) (90F)*: frog

*

(v) 746 => 1T3foG



· For every SES
,
the fibre over 5 gives a family
S : Speck-25 , JEAs

Then FS : = 177 my family oves speck

Example : Let V = ChH. Consider

* = [L [v/ dim(2) = 13 ,
LL'E> L= 5

This is a naive moduli problem.

Geometrically : set of lines through origin -
in A4+ 1.

Asa set: A = IP"

But we donot know how lives can very algebraically
in a family

Drawback : Suppose S scheme and FSES
,

we want a
->

line Ls CV .
We donot want an arbitrary assignment

st> Ls
,

we wanths to vary in some compatibility with variance

of o.

This is where extension comes in.

What is the extended moduli problem here ?

· For
any

SESch
, define

that
As =

line bundles over S

E Sare subbundles of trivial
rank n + 1 vect bundle U x S

As inv sheaves
,
element of As looks like 2> 0&

M+



~

s is defined to be equality.

· Why does this describe a "family of lines" ?
Let LEAs be a family one L

- A SFS
,

we have s : Speck -> 5.

- so way LEAs pulls back to st2[S
A (VXS) =V .

- And since & is a line bundle
,

so dimpsthe sheaf ats ,

- The 2: = St2 CV .

-So a single family 2CUXS gives us , for every ses,

an object of the naive moduli problem
> Le EV.

- They vary algebraically :

· Fro instance
,
take V= &2

,
S = Al = spec (St]·

· consider the family 2 & &XA which ata has

fiber Za =

span [(1 , a) 3.

· So as "a" varies,

a = 0 : 20 = < (1
,077

a = 1 : 2
,

= < (1 , 127

a = 2 : 22 = < (1 , 27]

"

The lines
vary algebrairally in the expression (1st)

as t varies in the base scheme S
.

= Spec EST]·

"Parametrized by 5
.

"



Lemma 2011 : An extended moduli problem M defines CI
contravariant functor from schemes to sets as :

MCS) : = As/ =
[families over S3/n

,

M( :T-S) := f:MCs) -> MST).

Example : f : T-> S

M(s) = Seusbundleto
uss

3)bundes MJF) : As ->AT
& x S

21-> F* 2
= As/s [f * (VXS)EVXS

= Ux T .

Remark/Notations From now on
, by a moduli problem we

shall mean its moduli functor.

Question! When does a scheme M represent a moduli functor Me ?
u

Defe : If it does
,

then M is called a fine moduli space for M.

T.e
.. These is a natural ison

y : M -> My = Hom (- , M)

of functors. This means

1) F Scheme S
,
these is a bijection Us : MCS) : A%,= [m(s) :=Smahis

(i) F mephe T-> S
,

we have:

As/s [S- >M3
commuts -

MCF) to ↓
A+/ & T -> M3

· The family in AMYy =:M(M) corresponding to M M is

called the universal family.

& family Fous- > F : S-M F-U Y F3fol -> fis-m
Thus

, any family is equiv to pull-back of the universal

family.

· Fine moduli spas is unique upto unique is om ,



Examples :

(i) Ex219 : Ph as a fine moduli space.

- Consider the naive moduli problem of lines through the origin
inU = A

+ I

- Extend it in the following way :

A family of lines through the origin in At over S is a line

bundle bundle & over S which is a subsumdle of the trivial

bundle UXS one S. Two families are equivalent if thes

two line bundles are equal.

- fis -> /pu -> 2 := f * Opn(1) <> 0,
*

= UxS

-- > Iph -12

&- y [96(3), -

,906y/S1]
-> X

generating global sections of 2"

· " [Maphisms S- > PM] <-> &Familiesof linestre 3

They
,

IPX is a fine modeli
space

and the tantological bundle

Oph(-1) is the universal family.



· Pathological behaviour : Not every moduli functor
has a fine moduli

space.

Example : The naive modeli problem of clarifying endomorphisms of
a n-dimensional vector space.

Extension - A family over S is a wank n rect bundle 5 over S

with endomorphism 0 : 5-> 7.

This doenot admit a fine moduli space.

· Def 224 : A course moduli space for a modeli functor M is a

scheme M and a natural transformation 7 : M- >Cr such that

19) Uspeck : M (Spesk) -> hm (Speck) is bijective
1) For

any
scheme N and a natural transf N :M-> Gr ,

these exists

a unique morphisms of schemes fiM -> N such that

us fin

---"Af
hm

&.
When is a coarse moduli space a fine modeli

space ?

· Proposition 2 : 26 : Let (M,1) be a coarse moduli
space for a muduli

problem M
. Then (M , 4) is a fine moduli space if and only if

11) these exists a family 23 are M such that UM (2) = idm

(2) for 7 , GEAs : 749 E>Ms (7) = Us (9).



Next Goal: Construction of moduli spaces :

Objects , equivalence vel"

&
Parametes

space (scheme) P and a family 7 once PSt . locally
any family is a pullback of 7

3
Group action on P s . t

. OCP) = 0(9) E> 7, "Fas .

&

X/6 our moduli space.

So this motivates the study of i) Grap actions

(ii) Quotients.

· Defr : Affine alg group
G one K :

- Scheme 6 with morphisms
- e : Speck -> 6 ; m : 6x6 -> 6 ; i : 6 -> 6 Test satisfy the

group laws .

· Action of an affine al group 6 on a scheme X :

This is, morphism 6: 6xX- > X that is a gaealization
of group acting on a set.

· Example : Cm P Al2 :

Affine alg gop : Om := Spec Kft ,t.; Scheme = A

Action : to (M , y) = (tr , ty) .



Orbits : For
any

CFO
,

we have the orbit V = r (py-2).

Orbit of (1 , 02 : Punctured X-axis.

3 non-closed orbits 6/ (0 , 0) is
Orbit of (0 , 1) : " Y-axis , in closure

Orbit of 10 ,0): [10 ,033 :

Idea: Insisting that
every orbit remain a distinct point can produce a

badly behaved quotient . GIT allows certain non-closed orbits to be

identified.

· The three notions of Quotients :

G-invariant morphism :

Let GX
, G2Y and f:x -> Y

,

then F is called C-equivariant

if f is compatible with the G-action.

Further
, if the action on Y is trivial , then f is called 6-invariant.

Categorical Quotient for GG X :

A Gin morph 4 : X-Y st
. every 6-inv fix-> Z factors uniquely as!

A
X- Z

5j
So Categorical means universal

among
all morphisms.

Good Quoticut and Geometric Quotient for G2X :

Good quetient is a maphism 9 : X-Y if

(i) 6-inv ji) surjective



(iii) The induced action ofG on O(X) :

9 .FI = F (g-2)

gives that FUCY ,
the murphiam Oy(U) -> (x (3(UI)

is an iso outo
open

the Gim functions Ox (4(U)) ?

(v) WEX is Grin + closed => Y(W) Eves Y

2) W
, nWs

= &,
W
,Wep

* => ELWPRELWE) : &

&i) Y is affine .

Further
, if pre-image of each point is a single orbit , then I is

called a geometric quotient-

Hierarchy :

Geometric Quotient => Good Quotient => Categorical Quotient-

E : Om 2A2 has the map 4 :A-A' as good quoticat
E , y)He my

and hence cat quot. However 4 (0 ,0) = Union of three orbits ,
so

not a geometric quot.

So we see : invariant functions cannot necessarily distinguish
all orbits.

This motivates the study of GIT :



Affine GIT :

· Consider an action GCX=cA
-> finite type one R

· This induces action 62 O(X) = regular functions

(8 · f) (2) = f (9%x ).

· O() := [fEO(x) /87 = 73 .

Question : Is O(X)6 finitely generated Kralg ?
->

Answer : FALSE in general.
TRUE with reductivity hypothesis.

·D. An affine al group G is

rep p : 6-> 6L(v)(i) linearly reductive if every finits
dim lin

decomposes completely into direct summ of irred.

ii) geometrically reductive if for every finite dim lin wep
p : G -> GL(V) and

every
non-zero 6 inv point REV ,

5

G-inv non-constant homeg poly FEO(V) such that

f (v)FO .

Observation : So is weaker than linearreductivitygeomu

reductivity to produces invariant polynomialsbut strong enough
that separate the configurations needed in invariant theory.

Theor6 : For sooth affine group scheme

reductive => geom reductive [] reductiveLinearly
5Fro char k = 0

, May coincide.

(smooth+ every noth
isExample:

I Gly , Shn nesmal sapunip
Chark70; Gly , Shy am not in reductive. trivial)


