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1. ORBITS AND STABILISERS

To recall the bigger picture: We want to think of moduli spaces as geometric solutions to a
classification problem, and the classical construction is as follows:

(1) (Owver)Parametrise: describe all objects using a parameter space X

(2) Describe symmetries: encode symmetries + extraneous data with a group action G on
X whose orbits become the equivalence one is interested in

(3) Quotient: Parametrise the closed orbits by glueing orbits whose closures meet

To recap where we left off:

Definition. Let G be an affine algebraic group, X a scheme, with o : G x X — X the G-action
and x € X be a k-point.

The orbit G-z ofzis G-z ={gx:9€G}={o(—,x): Gk) = X(k)}
The stabiliser G, of x is G = G x x Spec(k), the fibre product

Gy := G xx Spec(k) — G

| |

Spec(k) ————— X

We say that G-action is closed if all G-orbits in X are closed.
(Aside) G, is a closed subscheme of G and is also a subgroup of G (since base-change

of closed embedding is closed embedding; G is a subgroup since fibre products exist in
AffGrp).
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Example 1. Let G,, = Spec(k[t,t7!]) act on A? by t(x,y) = (tz,t " 'y). The orbits are:

e origin (this is closed)
e punctured axes; this is not closed (origin is in closure)
o {(v,y):wy=a}forac A\ {0} (these are closed)

Example 2. Let G,, act on A" by t(ay,...,a,) = (tay,...,ta,). The orbits are:

e origin (this is closed)
e punctured lines through origin (not closed)

Lemma 1 (Lemma 3.22). Let G be an affine algebraic group acting on a scheme X over k.

(i) If G is an affine group variety, and Y,Z C X are subschemes with Z-closed, then
{ge€G:gY C Z} is closed.
(ii) If X is a variety, then for any subgroup H C G, the collection of fixed points

XH ={zeX:Hr=x}

is closed in X.

Proof. See main notes (Lemma 3.22). O

Lemma 2. Let G be an affine algebraic group acting on a scheme X. For any = € X (k), we
have
dim(G) = dim(Gy) + dim(G - z)

Proof. See main notes for proof (Proposition 3.21). O

2. QUOTIENT

Suppose we have a scheme X with action given by G. Can we form a quotient X/G?

e if X C A" is a variety, and we want to start identifying points in A", how to embed this
quotient into A™?

e Better idea: look at the coordinate rings since functions on X/G (should) correspond to
functions on X invariant under G' ~ we look at the invariant ring, e.g. (k[z1,...,2,]/1(X))¢
for some algebraic set X C A”.

Before introducing a good quotient, we must introduce some notation.

Let G be an affine algebraic group, (X,Ox) be a scheme. Then G acts on the k-algebra
Ox(X) by
g f(x) = flg~ " a).
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A morphism ¢ : X — Z is G-invariant if for all g € G we have g.¢(x) = ¢(g 'x) = ¢(x), i.e.
the diagram commutes:
GxX 25 X
bl
) QN

That is, ¢ satisfies the equation ¢ o m9 = ¢ o 0 where w9 is projection onto 2nd coordinate, o is
the G-action.

We denote the k-subalgebra of G-invariant functions to be

OX)=0x(X)“={fe0X):g-f=Ff, VgeG}.

For any U C X, we say that U is G-invariant subset if GU C U. Whenever U is G-
invariant, then G acts on the k-subalgebra Ox (U) and we denote Ox (U)% to be the subalgebra
of invariants.

Definition. Let X be a scheme with an affine group G acting on X. A good quotient (Y, p) is
a morphism ¢ : X — Y of schemes such that

(1) ¢ is G-invariant

(2) ¢ is surjective

(3) If U C Y is open, then the morphism Oy (U) — Ox (¢ 1(U)) is an isomorphism onto
Ox (¢ 1 (U)

(4) If W C X is a G-invariant closed subset of X, then ¢(W) is closed in Y

(5) If W, W' C X are disjoint G-invariant closed, then ¢(WW) and ¢(W’) are disjoint

(6) ¢ is affine (i.e. preimage of every affine open is affine)

If the preimage of each point is a single orbit, then (Y, ¢) is a geometric quotient.

Example 1. (Example 3.31) We return to Example 1 where G, acting on A2 by t(z,y) =
(tx,t~1y). The orbits { (z,y) : 2y =a} = H, for a € A1\ {0} are closed and are parametrised
by a. The remaining orbits contain the origin in their closures, and so we suspect that we can
parametrise the 3 orbits will be identified together in the quotient.

Claim: (A, (z,9) — zy) is a good quotient for A? with the action by G,.

Proof. We are working with the morphism ¢ : A? — A! that sends (z,y) — xy.

(1) ¢ is G-invariant since

o(t(x,y)) = etz t'y) = 2y = o(z,y).

(2) ¢ is surjective since any z € Al, we have (2,1) — 2 -1 = z.
(3) Let U C A! be open and consider the morphism

@ O (U) = Op2(p'(U))
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For A', all closed sets are (), A and finite collection of closed points and so without loss
of generality, suppose U = A or U = A'\ {ay,...,a, }.
In the case where U = Al, let t € G,, act on O(A?) = Clx,y] which gives us

1O aga'y’) =) ait! ety
2 4,
and so the invariant subalgebra will consist of

Clz,y|®m = {Zaijxiyj a;; = 0, whenever i # j } = Clzy]

1,
In the latter case, where U = A\ {a1,...,a, } is an open we get that
O (U) =Clz]f where f(z) = H(z —a;)
Ou2(p~'(U)) = Cla,yF where F(z,y) = f(zy)

and so
Oz (U))*™ = (Clz, y]r)®™ = (Cla, y]°) r = Claylr = Opi (V).

For (4) and (5) the following lemma (proof included at the end) helps clean up
notation:

Lemma 3. With ¢ : A2 — Al the map (z,%) — zy = 2, equip a grading on k[z, y] with
deg(x) = 1 and deg(y) = —1. Let I C k[z,y] be an ideal and let Let Iy := I Nk[zy] =
INk[z] be ideal with degree 0 grading. Then (W) = V(Ij) for some closed G-invariant
W C A%

Proof of Lemma. Suppose a € o(W) for some closed G-invariant W C A%, This gives
us that there exists some (x,y) € A? such that xy = a and so any f € Iy gives
f(a) = f(zy) =0 and so a € V(I).
Conversely, let a € V(Ip), and suppose for the sake of contradiction that a & (W)
for some G-invariant closed W C A2. It follows that
WnV(zy—a)=0 < I+ (zy—a)=(1),
and so there exists some f € I and g € k[z,y] such that

f+(@zy—a)g=1

If a =0, we are left with f + (2y)g = 1. Expressing f = ), fi and g = ), g; where
fi, g; denote the degree ¢ components, by looking at the degree 0 components, we are
left with

fotzy-go=1
but fo € Iy, and so we have that 1 € Iy + (xy). Since we also have that 0 € V(Ij), we
get Iy C (xy) and so Iy + (zy) C (xy), giving us that 1 € (zy), a contradiction.
In the case where a # 0, we have
fla,y) +(zy —a) - g(z,y) = 1.

Evaluating =t and y = at™', we get for each degree i component that

fi(t,at™) =t~ f;(1,a)
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which gives us
f=> fi=) t-fil,a)=1.
i i

Thus, for any i # 0, we conclude that f; = 0 and fy(1,a) = 1 € Iy. Since a € V(Ip),
we get that fo(a) = 0, but fo(a) = fo(xy) with zy = a. Thus, we have 0 = fy(a) =
fo(1,a) =1, giving us a contradiction. Thus, a € @(W). O
(4) Let W C X be a G-invariant closed subset of X.
Let W C X be closed, G-invariant. It follows that W = V(I) for some ideal I, and
by Lemma 3, we get that o(W) = V(Ip) where Iy = I Nk[zy]. Thus, p(W) is closed.
(5) Let W1, Wa be disjoint G-invariant closed subsets.
Since W1, Wy are closed, we can write them as

VI =W,V(J)=Wy, = VI+J)=V({I)NV(J)=10
and so we get that I + J = (1). Looking at the degree 0 components, we are left with
Iy+ Jo = (1)

(6)  is affine since it is a morphism of affine schemes.

The example above is not a geometric quotient, since ¢ ~1(0) is the union of 3 orbits.

Corollary 4. Let G be an affine algebraic group acting on X, and ¢ : X — Y be a good
quotient.

(a) p(x1) =p(r2) <= G-21NG-x2 £
(b) For each y € Y, ¢~ !(y) contains a unique closed orbit. Moreover, if the group action is
closed, then ¢ is a geometric quotient.

Proof. (a) Suppose ¢(z1) = ¢(z2), and since these are not disjoint, we get that the orbits
Gx1 N Gxe # (). Conversely, suppose the closure of orbits are nonempty. Since ¢ is constant on
orbit closures, we get our result.

(b) Suppose we had two closed orbits Wi, Wa in ¢~ 1(y). Since their images are o(W;) = y,
we contradict the disjointness of closed disjoint G-invariant subsets of good quotients. U

Proposition 5. (1) If p : X — Y is a good (resp. geometric) quotient, then after restrict-
ing to any open U C Y, the restriction

Plo-1wy 1 (U) = U
is a good (resp. geometric) quotient of G acting on ¢~ 1(U).
(2) If ¢ : X — Y is a G-invariant morphism, and we have open cover { U, } of Y such

that each ¢, := ¢|: ¢ 1(U,) — U, are all good (resp. geometric) quotients, then so is
p: X =Y.

Proof. Exercise :-) O
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Definition. Let X be a scheme and G be an affine algebraic group acting on X. A categorical
quotient (Y, ) is a G-invariant morphism of schemes ¢ : X — Y satisfying the universal
property: for any G-invariant morphism of schemes f : X — Z, there exists a unique morphism
f 1Y — Z such that the following diagram commutes:

x— 1 4z

X e
7 af

Y

e if for all k-points y € Y, we have ¢~ !(y) consists of a single orbit, then we say Y = X//G
is the orbit space

e A categorical quotient is orbit space if the G-action is closed on X (since ¢ is constant
on orbits, and thus on orbit closures)

Of course, since (Y, ) are universal, it is unique (up to unique isomorphism) if it exists.

Remark. If ¢ : X — Y is a G-invariant morphism, and we have open cover { U, } of Y such
that each @, := | : o1 (U,) — U, are all categorical quotients, then so is ¢ : X — Y.

Proposition 6. Let ¢ : X — Y be a categorical quotient with a G-action on X.

(1) If X is connected, then Y is connected.
(2) If X is irreducible, then Y is irreducible.
(3) If X is reduced, then Y is reduced.

Proof. Exercise :-) O

Helpful lemma for Proposition 6:

Lemma 7. ¢ : X — Y is a categorical quotient with a G-action on X. Then:

(1) ¢ is an epimorphism
(2) ¢ is dominant.

Proof. (1) Let u,v : Y — Z be morphisms such that uop =vop : X — Z. Since ¢ is
pra
G-invariant, it follows that if o : G x X — X denotes the G-action, then
uo(poo)=vo(pom) = foo=fom
= f is G-invariant too
= dJh:Y — Z such that hop = f by universal property
— u=wv=h.

(2) Consider the closure (X) C Y and let ¢ : ¢(X) — Y be the canonical inclusion. Since
©(X) C p(X), there exists a morphism f : X — ¢(X) such that ¢ = to f. To help
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keep track, consider the (not-yet commutative) diagram:

X%ﬁ

@ A
/
[y

y S-=-""3m

Claim: f is G-invariant.
Since ¢ is G-invariant, we get that
poo=pomy => tofoo=10fom

= foo=foms since ¢ is closed immersion == monomorphism

By the universal property, there exists an unique morphism h : Y — ¢(X) such that
f = hoe. Thus, we have that
p=tof=10hop = tohop=idyoyp

and since ¢ is an epimorphism by (1), we get ¢ o h = idy, giving us that ¢ has a right-
inverse and since it is a closed immersion, it is an isomorphism. Thus, the image is
dense and ¢ is dominant.

g

Example 2. From Example 2, where G,, acts on A" by scaling, since the origin is in the
closure of every orbit, any G-invariant morphism A™ — Z will be a constant morphism.

Claim: The categorical quotient of this action is the map (Spec(k), ) where ¢ : A" —
Spec(k), and we get that any other G-invariant map f : A" — Z is going to be f = z o ¢ for
some unique morphism z : Spec(k) — Z.

e Follows since continuous morphisms into a separated scheme that is constant on dense
open are constant on the closure

Proposition 8 (Good = categorical, Prop 3.30). Let G be an affine algebraic group acting
on a scheme X. Any (Y,¢) satisfying properties (1),(3),(4),(5) in the definition of good
quotients is a categorical quotient. In particular, good quotients are categorical quotients.

Proof. We need to check that (Y, ¢) is a G-invariant morphism of schemes that is universal wrt
the diagram. Since (1) requires ¢ is G-invariant, we only need to prove the universal property.

Idea: take (finite) open cover of Z, then use this to construct a cover on Y and then locally
define morphisms on local patches, then glue together to get global morphism.

Let {U, } be open cover of Z and suppose f : X — Z is another G-invariant morphism of
schemes. Thus, it follows that
UL € X = W, =X\ f1U,) is closed in X
= p(Wy) is closed in Y by (4) of good quotients
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= V=Y \ p(W,) is open in Y’
= ¢ ' (Va) C fH(Ua) see diagram below

Since { U, } cover Z, we get that (W, = 0.

Claim: We claim that (), ¢(Ws) =0, i.e., V,, is an open cover of Y.

Proof of Claim. Suppose for contradiction that it is nonempty. It follows that () ¢(W,) has a
closed k-point. Let W be a closed orbit in the preimage of that point. Since W NW, # 0, we
get that p(W)Np(W,) # 0. Now W consists of a single orbit and each W, is G-invariant, and
so we get W C W, for each «, a contradiction. O

Since f is G-invariant, we see that the homomorphism Oz (U,) — Ox (f~1(Ua))¢ € Ox(f~1(Uy))
and by the isomorphism by (3) of good quotients we get ¢* : Oy (V;) = Ox(p~1(V,)), we get
that there must exist a unique morphism A}, making the diagram commute:

Oz(Uqs) ------~ “---=» Oy (Va)

(Ua
J,f* Jf"*
Ox (fHUa)S —— Ox (¢~ (Va))®
Since the U, are affine, we get that the k-algebra homomorphism A}, corresponds to a morphism
he : Vo — U,,.
We see that by construction (go back to diagram)

Flom1v) = ha o @lo1vay : 0 (Va) = Ua
with h; = h; on V; N'Vj, allowing us to patch together a global morphism Y — Z such that
f = hoy. Uniqueness follows since h, are all unique.

O
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