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Definition 3 . 1 An algebraic group over R is :

· A scheme G over R

m : GX6 -> G (group law)
· with maphisms :

e : Speak -> 6 (identity)
i : 0 -> 6 (inverse)

such that we have the following commutative diagrams :

id X m

6 x6x6 -> 6X6
(i) Associativity:
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Remph : G is assumed to be locally of finite type over R.

Affine algebrais group .

Homomorphism of algebrais groups : Morphism F : G -> It of schemes

GXC st . f preserves group law :f4fxfh MH
HxH -> H



0 (6) : = B-algebra of regular functions on G
.

① Gai = Spec RC1) . (called the additive group) -Examples :

Underlying scheme : All

Mult m :GX6-76 is given by me : k(t) -> UCLCt)
t-> +xl + 10t

or R(t]R(t] = NCE ,w]
2 : Speak->G is given by (Se: R(t] -> k then +z + 10

+- 0

i : 6 -> 6
,
iP (H) = - t

.

Note : The functor of points he Hom ( ,)

Then 6 : K-schemes ->> Groups

&> KIR] := Humn-su (Speci , Ral

= Hommay (R(t) , R) = (,
+) ·

② km: = Spec R[t ,
+- 1] (Mult group) .

Underlying scheme : All-503
m: R(t ,
t] -> R(t ,

ti)@bit ,t]
Mult map : m : GXOm- Om given by t tot

2 k(t , t
+ ] -> R or 19t ,t ]@KCt, tJ = REE ,n] (7 ,m)((t 1- 1
t zow

it : kCt ,
t +] -> k(t ,

ti]

t↳t1

⑤ Gln :=Spec (k(ij/1 , jen]
det(j) )

Closed points : Investible roxn uratrices -

- (xij) = (xij)ijma(ij) = Kin * Duj
where Kij) :j is the regule for that takesk= 1

&
* (xij) = Nij ijt entry of inverse of a matrix.



⑦ G((V) : = Spec (l-algebra of invertible linear transfrom)
L

V-V where mult = composition
=> GLdim(v)

.

G L (v) (R) = G
dim(v)

(R) = dimUxdimV invertible

matrices in R

= automorphisms RQV REV

= Aut(ROpV) .

· Action of an affine al gop G on a scheme X :

- A morphism 6 : 6xX -> X St .

Le,
in

6 x6xx(m)6xX Speck xX -> GXX

(id , 6) h -16 E
J 2

6

6xy =
) X Y

- G-equivariant Chism fix -> of aly groupsmay
with actions 6x and Gry weep .

- 6 - invariant
.

-Ship proof) .

· Theorem 3 .9 : If G is affine al group ,
then GEGLy

Proof outline : - Consider OJG) and its finite generators as k-alg.
fl - fr

- Let W : = k<f - fn) . By Lemma
,
WEVC O(X) S . t -

clim/) * and V is 0-inv-



- Consider ma : 0(0) -> 0 00(6)

By G-invariantnes of V ,
m

* (filE0(0) @ V as regular
function.

write me(fil=j
- This gives from 6 -> Aut(o(x))
# 9ij(g)fi

This givesfrom

p* : 0 (Mu) -> 0(G)

Rij 1 aij

- This 88 is surj , so p : G-> Mr is a cloud embedding

- Further
, p is ahomomorphism of semi-groups with

must on Mn

- Since 6 is a group , therefore, p(G) will be a

subgroup inside Chn .

Def 3 % 0 : Let G be an affine algebraic group scheme over K.

(1) G is an algebraic tors if G=E for some 170 .

() Character Group of torus T is X * (T) : = How (T, (m)
(5) Cacharacte Group of torus T is X

* (T) : = Hom(6m , T)
(operation on X*JT) is by mult).

Lemma 3 :

11 X * (6m) =

Prof: Consider 0: -> X
* (Em)

n> [trtr]
*



*

Why O(n) := [tr> th) is a for of alg groups ?

we need EmxCom Dom

Lamixocus 2 focus
Ex Cmn) Em

i. e .

me . Ocul
"

= (0(n) , 0(47) ma Ou : St , +1)-> k(t ,
t +]

+- th

me · 0 (u)(t) = m
+ (th)

= [ot)n
= +@th

= (a) , 0(u1)
+

m
+ (H) ·

Next
.
0 : -> X *(Im) is a hom of groups because

O (a+b) (t) = +a+b
= tatb = 0(a) (t) · O(b) (t) ·

Injectivity : Clear
.

Subjectivity : Let b Hom (km,om) · Write &t) cmt ,ti)

and 6 + 0 . a (t) = Sait" ,
it

likm-

We have ma (f* (t)) = 0* (t) * & * (t)

=> ma(aiti) = Caititi
=> Saitie += Elaiaj to to

=> atmost one ai is non-zero
, say an

=> anhot" = an thoth

=> an = 1.

· P * (t) = th
,

i

. e
., 0 = 0 (n) ·



· Linear representation of alg groups and turi :

- Let dim(v) <*
·

Then GL(V) is an affins aly group .

finite dim

- A linar rep of an al group 6 on V is a hour
1

ofclg groups
p : 6 -> G(V) ·

· Action of an affine alg group
G on a K-rest space

V :

- - K-alg R ,
a group action

·
R : G (R) X (VQR) -> VOR such that

- o(g , ) is a hor of R-modules F g.

- functorial in R
.

· Let P : T-> GL/v) be a finite dim lim
rep of a torus .

ThenT acts on V in the following way

&: TJR) X VOR
-> VOR

(8 · v) 1 -> p(g)(v)

This action gives as decomposition of V as :

Proposition 3 . 12 : Any finite dimensional linear representation
of a turns

p : T -> GLJV)

gives a decomposition
v = G VX
&X

+ (T)

where

Vx := Evev/t .r = XCHRF + ET] is called a weight space
and
X := &X I VyFOY is called a weight of the action.



Definition 3 .3 : Gaffine als gop acting on a scheme X,
2 a h-point of X .

i) The orbit Gor of x is the set-theoretic image of the maple
6

n
= = 5 ( - , x) : G(k) -> X(k)

g 1-> ga : = G (g ,n)

ii) The stabilizes of is is the fibes product

Gx : = EX
ySpeak -> Speak

↓ I

C Y
GR

Remark : x an k-point means 2: Speck ->X is closed emb.

ExySpeck -> G is base-change of cloud embeding x and

hence is a closed embedding
.

Thus
. On is a closed subscheme

of G . Moreover
,
it is a subgroup since the fiber pood

is in the category ofaffine als groups.

Proposition 3.5 : 6 affins all group and GQX. Then :

(i) The orbits of closed points are locally closed subsets

of X .

(ii) Bd(0 · x) : = Ex-G . x = union of orbits of smaller dim.

Defu 3 . 16 : An action of affine al gop G on a scheme X

is closed if all G-orbits in X are closed.



Exercise Sheet 3

# Conside the action of GLmX6Ln on Matmxn by
# , B) o M = AMB" .

classify
& All orbits of this action

② Open orbits

③ closed orbits

② Closure ofurbits .

A Q For a closed point Me Matixn ,

we leave
.

Ou = &NeMatmen (N = AMB"
,
AEGLm . BECL3

Now suppose X- Matmen and wank (X) = w
. Then three

exists AEOLm , BEGLn st . AXB = [E00]
Therefore , Ou = O = GNE Matmen (UK (N) = rk (M) =: 23

.

Thus
,
orbits areOr where OCU minim ,my

① closure of any orbit J =O :

Suppose &Cr. Consides My : = Fo
= Matixn[ + o]

where to . Then MyE Or .
Now

, fro -To ,
we

see that M1 - (F00] = Os
: [F ,Je and fence ③I since

we can reach any elt ofOs from [F00].



·: To

Finally, we claim that if 57W ,
then no element of

O can be inTrS

Suppose NEO ,
i. <

., wh(N) = - and Syr and

Mr -> N Where Must Or

Now MpEO => All minors of wher greated than
vanish

Since minors are polynomials in the entries of the
matrix

,
each minor is continuous in the entries of the

matrix .

.
.
Als minors of N of orders greater thanw vanish.

This contradicts rank (N)= syr because rank a is the

largest integer such that some minor of N of order s

doenot vanish
.

③Closedorbits : Must satisfy Op = Or

=> = O

=> v = 0

·: Only closed orbit is Oo = [Omin) -

② Open Orbits : Of open #) O =VOs closdo



We saw that for SCU
,

we can get a set SMS of
matrices in Op having a limit point in Os

.

Thus , if US <minSm ,ny , then we can get a set in

Out ,
where limit point is in Or . But Or#Q =Us

· Of is NOT closed if DEV <mingming -

If Weminiminy . Then Or = Er = cros = F
,

= closed
.

Thus
,
the unique openorbit isEM/ wank (M) = miniminy),

i . e
..

the orbit of matrices of maximal wank.

X


