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Our aim is to find a scheme M whose k-points are in bijection with the set of equivalence
classes A/ ~. Furthermore, we want M to also encode how these objects vary continuously in
‘families’. More precisely, we refer to (A, ~) as a naive moduli problem, because there is often
a natural notion of families of objects over a scheme S and an extension of ~ to families over
S, such that we can pullback families by morphisms 7" — S.

Definition 2.10. Let (A, ~) be a naive moduli problem. Then an extended moduli problem is
given by
(1) sets Ag of families over S and an equivalence relation ~g on Ag, for all schemes S,
(2) pullback maps f*: Asg — Arp, for every morphism of schemes 7' — S,

satisfying the following properties:

( ) (Agpeck NQpeck) (A, N)

(ii) for the identity Id : S — S and any family F over S, we have Id*F = F;

(iii) for a morphism f : T"— S and equivalent families F ~g G over S, we have f*F ~p f*G;

(iv) for morphisms f : T — S and ¢ : S — R, and a family F over R, we have an equivalence
(go f)*F ~r f*g*F.

For a family F over S and a point s : Speck — S, we write Fs := s*F to denote the corre-

sponding family over Speck.
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Example 2.13. Let A consist of 4 ordered distinct points (p1, p2, ps,ps) on P, We want to ",l ”'
classify these quartuples up to the automorphisms of P*. We recall that the automorphism group
of P! is the projective linear group PGLg, which acts as Mdbius transformations. We define our
equivalence relation by (py, pa, p3,P4) ~ (41, G2, 3, qa) if there exists an automorphisms f : P! — (X,
P! such that f(p;) = ¢ for i = 1,...,4. We recall that for any 3 distinct points (p1, p2, p3) on
P!, there exists a unique Mobius transformation f € PGLy which sends (p1,p2, p3) to (0,1,00) L2
and the cross-ratio of 4 distinct points (p1, p2, p3, ps) on P! is given by f(py) € P! — {0,1, 00},
where f is the unique Mébius transformation that sends (p1,p2, p3) to (0,1, 00). Therefore, we S 1
sele that the set A/ ~ is in bijection with the set of k-points in the quasi-projective variety
P! — {0,1,00}. ; :

In ;{act., we };an naturally speak about families of 4 distinct points on P! over a scheme S: this is “-'9 w2 07" : P“k P*'B'
given by a proper flat morphism 7 : X — S such that the fibres 7 1(s) = P! are smooth rational -
curves and 4 disjoint sections (01,...,04) of m. We say two families( (; X — S,01,...,04) and ( SectionMeans S i X St Weoi= ld" )
(7' : X' — S,0),...,0)) are equivalent over S if there is an isomorphism f: X — X’ over S

(i.e. w=a"o f) such that foo; =0ol. ] )
There is a tautological family over the scheme S = P! —{0,1,00}: let 7 : P! —{0,1, 00} x P! — _Fa i % = W \{OII.W.& X ”)
S = P! —{0,1,00} be the projection map and choose sections (a1(s) = 0,02(s) = 1,03(s) = ni }

00,04(s) = s). It turns out that this family over P! — {0,1, 00} encodes all families parametrised ( S . t )

by schemes S (in the language to come, U is a universal family and P! —{0, 1,00} is a fine moduli

space). )' W -\L
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Exucise time |

Exercise 2.6. Show that if there is a natural isomorphism hc — hy, then there is a canonical
isomorphism C' — C".

Bj Yoneda 's lemma,
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o ooy f b [ ]”cm_‘mm y
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Exercise 2.14. Define an analogous notion for families of n ordered distinct points on P! and

let the corresponding moduli functor be denoted M, (this is the moduli functor of n ordered

distinct points on the curve P! of genus 0). For n = 3, show that Mg 3(Speck) is a single

element set and so is in bijection with the set of k-points of Spec k. Furthermore, show there is
! tautological family over Spec k.
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